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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-279 

OPERATIONAL METHOD OF DETERMINING I N I T I A L  CONTOUR OF AND 

PRESSURE FIELD ABOUT A SUPERSONIC JET 

By Gerald W. l hg le r t  

SUMMARY 

Simple expressions f o r  estimating the  i n i t i a l  contour of a j e t  
exhausting in to  a supersonic stream and in to  quiescent surroundings have 
been developed. 
Laplace transform t o  solve t h e  l inear ized poten t ia l  flow equation. 
i n i t i a l  slope of t h e  je t  boundary w a s  kept as a parameter i n  t h e  f i n a l  
expressions, which permitted a study o f t h e  use of an exact, i n  place of 
a l inearized, i n i t i a l  value. Results were compared w i t h  charac te r i s t ics  
solut ions and experimental data. 

These expressions were obtained by using a modified 
The 

i I 
3 
3 A n  expression w a s  a l so  developed t o  determine the  pressure f i e l d  of 

a supersonic stream surrounding the jet. This expression w a s  applied t o  
determine the  pressure influence of t h e  je t  on a nearby f la t  plate.  
These results were a l so  compared with experimental data. * 

INTRODUCTION 

Various f l i g h t  vehicles have jets issuing from t h e i r  exhaust nozzles 
near other components such as  wings, control surfaces, and other  engines. 
The contour of t he  je t  and resu l t ing  f i e l d  about it may then a l t e r  t he  
pressure d is t r ibu t ion  on these nearby components and thus t h e i r  perform- 
ance (refs. 1 t o  3). The pluming j e t  from an underexpanded nozzle may 
transmit pressure changes upstream on the b o a t t a i l  surface through the  
boundary layer  and even cause flow separation (ref. 4). 
expansion of t h e  j e t  a l so  influences the downstream mixing region. 
In i t ia l - je t -contour  prediction i s  important f o r  t h e  determination of t he  
pressure on a wide-base annulus ( ref .  5). 

The i n i t i a l  

The number of independent variables involved i n  t h e  relevant geome- 
tr ies and operating conditions usual ly  precludes completeness of economic 
systematic experimental solution t o  these problems. A necessary s t ep  
toward the  quant i ta t ive prediction of these e f f e c t s  i s  a means of deter-  
mining t h e  i n i t i a l  contour of t h e  exhaust j e t .  An extensive use of 
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charac te r i s t ics  i s  made i n  references 6 and 7 t o  determine the  i n i t i a l  
contour of a supersonic je t  exhausting in to  s t i l l  air .  Replacing the  
quiescent a i r  by a supersonic stream, however, appreciably increases the  
labor t o  solve the  already unwieldy problem when using charac te r i s t ics .  
A simplified step-by-step method of approximating i n i t i a l  j e t  contour i s  
presented i n  reference 8. 

A theory which leads t o  a simple e x p l i c i t  r e l a t i o n  f o r  t h e  contour 
of a j e t  exhausting in to  quiescent surroundings is presented i n  r e fe r -  
ence 9. This method u t i l i z e s  the  l inear ized  equations of motion, how- 
ever, and i s  therefore  accompanied by questions of accuracy and range of 
appl icabi l i ty .  The predominant feature  of t h i s  method i s  t h a t  of taking 
the  Laplace transform of t h e  l inear ized  supersonic equations of motion. 
Piecewise continuous flows such a s  found i n  t he  periodic s t ruc ture  of 
j e t s  exhausting in to  s t i l l  a i r  then become continuous in  the  transformed 
plane. Advantage i s  a l s o  gained by the  supersonic po ten t i a l  equation 
fo r  a x i s m e t r i c  flow reducing t o  am ordinary d i f f e r e n t i a l  equation in  
t h e  transformed plane. Essent ia l ly  t h i s  same technique w a s  used i n  the  
work o f  reference 10 t o  study the  osc i l l a t ions  of a supersonic j e t  ex- 
hausting in to  a supersonic ambient stream. Although l imited i n  quanti- 
t a t i v e  application, t h i s  analysis  contributes appreciably t o  an under- 
standing of  t he  r o l e  of various var iables  i n  determining j e t  contour. 

This paper extends t h e  method of reference 9 t o  the  case of an 
a x i s m e t r i c  je t  exhausting in to  a supersonic stream. The inverse 
Laplace transforms of t he  in t e rna l  ( j e t )  flow and ex terna l  (ambient) 
flow were taken separately i n  t h i s  report  and then combined i n  the  
physical plane t o  f i nd  the  j e t  boundary as opposed t o  the  taking o f  t he  
inverse transform i n  t h e  las t  s t ep  in reference 10. ?“ne i n i t i a l  incl ina-  
t i o n  of  the  j e t  was preserved as a separate parameter i n  the f i n a l  equa- 
t i o n  f o r  jet contour s o  t h a t  improvement of l inear ized  r e s u l t s  by exact 
i n i t i a l  conditions could be studied. I so la t ion  of the  i n i t i a l  incl ina-  
t i o n  then a l so  provides a means of semiempirically accounting f o r  e f f e c t s  
of nozzle w a l l  and b o a t t a i l  angle. 
determine the  pressure f i e l d  about t he  jet  i n  t h e  ex terna l  supersonic 
stream f o r  purposes of determining je t  influences on nearby aerodynamic 
surfaces. 

The method w a s  f i n a l l y  extended t o  

SYMBOLS 

a constant i n  eq. ( 2 )  

a l ~ a 2 ~ a 3 ’  constants i n  eq. (9) 
34, “5 
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constant i n  eq. (2) 

constant coefficients i n  d i f f e ren t i a l  eqs. used t o  determine 
R 

Heaviside uni t  function, H(z) = 0 f o r  z < 0 and H{z) = 1 
f o r  z > 0 

modified Bessel function of f i r s t  kind of order n 

modified Bessel function of second kind of order 

constant i n  eq. ( ~ l b )  

n 

-Az 
modified Laplace transform such as  U{f(z) )  = h L z  f ( z > e  dz 

Mach number 

pres sure 

constants used in conjunction with eq. (12) 

r - ro 

r a d i a l  distance from je t  axis  of symmetry 

dummy variable 

undisturbed veloci ty  i n  z-direction 

axial distance from nozzle-exit s ta t ion  

constants i n  eq. (E) 

r a t i o  of specif ic  heats 

Dirac de l ta  function, 6(z) = 0 fo r  z # 0 and S(z) = 00 

for  z = 0 and 1- G(z)dz = 1 

slope of j e t  boundary 

variable in transformed space 

constants i n  second-order solution of eq. (9) 

roots  of cubic character is t ics  equation 



mass density 

perturbation ve loc i ty  po ten t i a l  due t o  je t  v 

Subscripts : 

a quiescent medium surrounding je t  

b boundary of j e t  

ext  ex terna l  

i n t  i n t e rna l  

j undisturbed conditions i n  jet a t  nozzle e x i t  

0 boundary of je t  a t  nozzle e x i t  

03 undisturbed ex terna l  stream 

Superscripts : 

1 d i f f e ren t i a t ion  with respect t o  argument of function 

- operational form 

ANALYSIS 

Two cases a re  considered: an axisymmetric supersonic jet exhausting 
i n t o  a supersonic stream (case 1) and in to  a quiescent medium (case 2) .  
I n  the l inear ized  theory, t he  in t e rna l  flow (from the  nozzle) and ex- 
t e r n a l  flow a re  both assumed t o  be uniform and p a r a l l e l  t o  one another 
a t  the  nozzle-exit s t a t ion  (fig.  1). 
no appreciable base region i s  present; however, f o r  a very la rge  base, 
case 1 reduces t o  case 2. Simple e x p l i c i t  algebraic expressions are 
derived for the  j e t  contour f o r  both of these cases. An expression 
which can be evaluated by quadratures t o  determine the  pressure f i e l d  
i n  the  supersonic stream about t he  j e t  i s  a l so  derived. These equations 
and t h e i r  r e s t r i c t i o n s  are l i s t e d  i n  the  SUMMARY OF RESULTS f o r  con- 
venient reference. 

It i s  a l so  assumed fo r  case 1 t h a t  

Basic Equations 

L e t  t he  je t  ax is  coincide with t h e  z-axis i n  a cy l indr ica l  coordi- 
nate  system and l e t  t he  nozzle-exit s t a t i o n  be a t  z = 0. The familiar 
l inear ized supersonic po ten t i a l  equation based on continuity, momentum, 
and i r r o t a t i o n a l i t y  considerations i s  fo r  axisymmetric f l o w  
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where 'p i s  t h e  perturbation ve loc i ty  poten t ia l  due t o  the  jet, and 

B = /JM2 - 1. 
nozzle-exit s ta t ion,  and thus (d'p/az),=O = cp(0) = 0. 

No disturbance from t h e  jet i s  propagated ahead of t h e  
0'  Following t h e  pro- 
D cedure of reference 9, the  poten t ia l  equation i s  transformed in to  opera- : t i o n a l  form by multiplying by h e - h  and then integrat ing with respect 

D 

t o  z between t h e  limits 0 t o  m. This results in t he  Bessel equation 

where a bar  over a symbol signifies tha t  it i s  i n  transformed space as 
opposed t o  the  o r ig ina l  space, t h a t  is, 

The general  solution of equation (1) i s  

(2 1 - 
cp = aKo(Brh) + bIo(Brh) 

Boundary conditions. - Let ~ ( z )  be the  slope of the  je t  boundary, 
and l e t  t he  subscript  b denote conditions on t h i s  boundary between the  
in t e rna l  ( j e t )  and ex terna l  f l o w .  No mixing i s  considered. 

The boundary conditions t o  be s a t i s f i e d  by both in t e rna l  and ex- 
t e r n a l  streams are 

p b =  ext  ' i n t  

The external  flow must a l so  s a t i s f y  the boundary condition 

a ' - o  as  r + w  aZ 

A T + o  as  r + r n  

o r  i n  transformed space 
I 

whereas the  in t e rna l  flow m u s t  s a t i s f y  
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The l a s t  two boundary conditions are s a t i s f i e d  by se t t i ng  a = 0 
i n  equation ( 2 )  f o r  i n t e rna l  flow and b = 0 f o r  ex terna l  flow. This 
i s  apparent f rom the var ia t ion of the  B e s s e l  functions Q and In w i t h  
t h e i r  arguments. 

External flow. - Use of equations (Z), (3a), and (4a) determines a 
as  

so t h a t  

where the subscript DO r e fe r s  t o  undisturbed conditions i n  the  external  
flow. 

The l inear ized pressure coeff ic ient  

i n  operational form becomes 

so tha t  

Internal  flow. - Combining equations (2), (3a), and (4b) determines 
b as  

U;iT (A 1 b =  
B j AI JB j k b  1 

and thus 

- u j i j ( h ) ~ o ( ~ j h r )  
c p =  B ~ X , ( B ~ ~ . J  

F 
cs, 
cn 
w 
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where t h e  subscript  j refers t o  jet  flow conditions a t  t he  nozzle-exit 
s t a t i o n  (z = 0). 
form then becomes 

The l inear ized  pressure coeff ic ient  i n  operational 

Jet Contour for Supersonic External Flow 

Substi tution of equations (a), ( 6 ) ,  and (7 )  i n  t h e  iden t i ty  

r e s u i t s  i n  

The in te rpre ta t ion  of equation (8) i n to  physical space is  qui te  
lengthy and i s  given i n  the  appendix. This appendix contains e s sen t i a l ly  
the saxe e q r e s s i o n s  a.s interpreted in  reference 9 but  is  included here 
for completeness. The result is  t h a t  

Z 

- "2 1 q(s) ds + - - a3 Iz(' ") ~ ( s )  ds 
P j  - P, 

= a1rl(z) 
2rb 0 rb 0 Bjrb 

Z 
f o r  0 < - < 2  - B j r b  

where 



- pmu: 1 1 
“ 2 - - - - -  

p .U2 BZ BS J J  

2 
a3 - - - pmum 1 

2 3 + -  P . U .  B, B2 
J J  j 

First-order solution. - Consider f i rs t  t h e  solut ion of equation (9)  
i n  which powers of (z - s) /B; jq ,  greater  than the  first are neglected. 
C a l l  t h i s  the  “ f i r s t -order“  solution. Assume t h a t  changes i n  rb are 
small compared with the  radius of t h e  je t  a t  t he  nozzle-exit s t a t ion  
so tha t  rb  ro. Then d i f fe ren t ia t ing  equation (9) with r e s p c t  t o  z 
results in t h e  d i f f e r e n t i a l  equation 

ro, 

where 
Z 

% = rb - ro =d  ~ ( s )  ds 

&2 
b l = - -  

2r0a1 

3 a3 
2 

j O l  

b2 = 8 
B r a  

The boundary conditions a re  

R ( 0 )  = 0 

ana 

Y 
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From equation (9) 
LJ 

The f i r s t -o rde r  solution i s  then 

For the  usual case, b2 
the numerator a re  conjugate 

? , reduces t o  

9 

> bf/4, and hence the  exponents of e in  
imaginary numbers. I n  t h i s  case the  solution 

d 

Second-order solution. - Consider next the  solution of equation (9) 
i n  which only powers of (z - s ) / B j %  
lected.  C a l l  t h i s  the "second-order" solution. For r ro the  second 
der ivat ive of equation (9) with respect t o  

greater than the  second are neg- 

z results i n  the  d i f fe r -  
e n t i a l  equation 

where b l  and b2 a re  the  same as before, and 

b3 = - 3 -- &4 
8 3 2  roB :a, 

b The boundary condition 

i s  obtained from the first derivative of 
the  two previous boundary conditions. 

71 (0 )  

equation (9). This supplements 
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From a source such as reference 11 

'2' + v e E3z % = + v e 3 2 

where E,, E2, and 5 ,  are roots  of the  algebraic  equation 

5 3 + b15 2 + bzk + b3 = 0 

In cases of prac t i ca l  i n t e r e s t  El, 5,, and k3 are unequal; El 
can be a real number, and 52 and 53 are complex conjugate. It then 
follows t h a t  v 1  i s  real  and v2 i s  a complex conjugate with "3. 
Evaluation of t he  v's from t h e  boundary conditions then r e s u l t s  i n  

The solution for R then reduces t o  

P 

9:. q; 'I 
if - + - > 0, which is  t h e  usual case, and where 27 4 
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blb2 2b31 

% = b 3 - ~ +  27 

Jet Contour f o r  Quiescent Surroundings 

The following derivation is  essent ia l ly  that of reference 9 except 
t h a t  the answer is  given as a s e r i e s  expression and t h e  i n i t i a l  slope of 
the jet contour i s  labeled. W 

A t  t he  boundary of t h e  jet  t h e  pressure m u s t  equal the constant 
value of t h e  quiescent external  field, and 

pa - "3 = - hbIO(Bjrbh) 
P j U j  

by use of equations (2), (4b), and (5) ,  the  undisturbed or  reference 
stream now being the  flow at t h e  nozzle-exit s ta t ion.  
refers t o  the quiescent external  f i e ld .  Solving f o r  b and using 
equation (2) again y ie ld  

The subscr ipt  a 

I (B rh )  
0 3  P j  - Pa - 

= p j u j  hIo(Bjrbh7 

A t  the je t  boundary 

i f  rb ro. It then follows t h a t  



12 

Rb = [ q(z)dz = 

Using equations (A2) for the Bessel functions and dividing the numerator 
by the denominator result in 

- L ( i , ” - L ( 1 , ” - . .  48 B j r O  192 BjrO 3 
The flow in the immediate vicinity of the nozzle trailing edge is 

= 0. For two-dimensional flow rb - ro 
rO 

two-dimensional, since l i m  
Z-4 

so that 

Comparison of this result with the numerical result of reference 9 is 
shown in figure 2. Good agreement is obtained up to a z/Bjro of 
almost 2. 

Pressure Field of Ekternal Supersonic Flow 

An expression to determine the incremental pressure due to the 
influence of the jet on the external supersonic field is derived in this 
section. This expression may be useful in determining jet interferences 
with forces and moments on flight configurations having surfaces within 
the characteristic surface of disturbance emanating from the nozzle-exit 
station. Some application is shown in the section DISCUSSION OF RESULTS. 
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to 

Proceeding t o  in te rpre t  equation (6), f o r  rb rv 

2 
pwu, 

zl 

= 1 I, s ( z  - s)?l(s)ds 
B, 

by use of the convolution equation where 

Using equation (u) 

where 

1 +  

e 

IU=l 

(2BrA) (Ojrn)  1 
I 

AELJ 
( 2BrA)m 

+ .  . . 3675 + 75 - 9 1-- l +  
- 8Bwhr 128(Bwhr)z  1 0 2 4 ( B , ? ~ ) ~  32, 768(B,hr)4 Q =  + .  . . 4 7 2 5  - 105 - l5 + 3 1 +  

8 B a 0  128(B,hr0)2 1024(B,hr0)3 32, 768(BWhro)' 

Consider the var ia t ion of a w i t h  l/r. This power series can be 
expanded in to  a convergent Taylor series about ro for constant B, 
and h as 

The coeff ic ients  can be evaluated as follows: 
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+ . .  . 3 9  153 
3 3 4  4 4 5  8Bmhr$ 16B,h ro 128B,A ro 256B,A ro 

- - 
1 -  3 +  

2 2 3  Q' (ro) = 

+ .  . . 141 351 - + 

33 
3 3 5  4 4 6  4Bm?r2 64B2h2r$ 128B,h ro 128B,h ro 

- 
Q"(r0) = - 

and so forth, so t h a t  

6 3  + 3 - 3 -B X R  
1 .  

r 2BmrOA 8 (Booroh) 8 (BmrOh) 1 2 8  (B,I-,A)~ 

39 - 4 4 5  )R 3 3 4  8B,hrg 16Bmh 2 2 3  ro 128B,h ro 256B,h ro 
3 +  + ( '  - 

33 - 1 4 1  + 351 )$+ . . .I 
3 3 5  4 4 6  

4Bmhr; 64B:h2r$ 128Bmh ro l28B,h ro +( -  
+ 

Collecting terms containing l i k e  powers of 
transform of B(h) yield 

h and taking the  inverse 

J 

where 6 i s  the  Dirac de l ta  function and H is  the  Heaviside u n i t  
function. 
and R << ro. 
following expression f o r  pressure coefficient:  

The ser ies  i n  equation (17) converges for  0 < z - B,R < Bmro 
Final ly  subst i tut ing equation (17) i n  (16) yields the 

P 
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+ -  1 3R + 33Rz)[-qdi(z - s - GR)q(s)ds  
8B5 (2 - 3 16r0 

+ -  
~ 351R2)t2-BmR (z - s - E&,R)37(s)ds + . 

r8 

The slope a t  t h e  je t  boundary ~ ( z )  may be obtained by d i f fe ren t ia t -  

R. 
ing equations (11) or (12) with respect t o  z or by solving equation 
(9) d i r e c t l y  f o r  the slope by t h e  procedure used previously t o  obtain 

DISCUSSION OF BESILTS 

The equations f o r  jet contour for  a supersonic ex terna l  f i e l d  
(eqs. (11) and (12)) as w e l l  as  a quiescent ex terna l  f i e l d  (eq. (15)) 
each comprise e s sen t i a l ly  two separable par ts :  
initial slope of t h e  j e t  boundary ( ~ ( 0 ) )  and (2) t h e  remaining p a r t  of 
t he  equation, which determines the  shape or curvature of the je t  boundary 
as a function of axial distance from the nozzle exit. Comparisons can 
readi ly  be made between the  jet shapes determined by equations (11) and 
(12) and between the  l inear ized and exact in i t ia l  jet  boundary 
Comparisons of t he  operational theory in general with charac te r i s t ic  and 
experimental data are  less systematic because of t h e  l imited amount of 
these data  available.  In most cases a i r  with a specific-heat r a t i o  of 
1 .4  was used as the  working medium f o r  both in t e rna l  and external  flows. 
Any compressible f lu ids  fo r  which average spec i f ic  hea ts  and molecular 
weights can be selected, however, should be amenable t o  t h e  theory. 

(1) a term denoting t h e  

~ ( 0 ) .  

Jet Contour fo r  Supersonic External Flow 

. Equation (11) f o r  jet contour i s  based on a solut ion of equation (9) 
in which a l l  powers of greater than t h e  first are assumed neg- 
l i g i b l e  i n  t h e  series expressiocs for  W and T '  (eqs. (A5) and (A7)), 

z/B,% 
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whereas i n  the  derivation of equation (12) powers of 
than the second a r e  neglected. The solutions were, therefore, respec- 
t i v e l y  labeled the  first- and second-order solutions of t h e  jet-contour 
equation. In e i the r  case the  se r i e s  representations of W and T '  a r e  
va l id  Only f o r  small z/Bwrb and Z/Bjrb less than 2. 

. - Figure 3 shows comparisons of the  r e s u l t s  of equations 
(11) 7 - F  and 12  over a range of i n t e rna l  and external  Mach numbers of 2 t o  
9 and a t  nozzle-exit t o  free-stream static-pressure r a t i o s  of 2/3 t o  5. 
The l inearized value of ~ ( 0 )  was a r b i t r a r i l y  used f o r  this figure; how- 
ever, it en ters  i n to  equations (ll) and (12) only as  a mult ipl ier  and, 
therefore, only results as a scale e f f ec t  on the abscissa. 

z/Boorb greater  

Jet  sha 

Over the range of Mach numbers investigated very close agreement 
between the  two solutions was obtained fo r  a x i a l  distances from the  
nozzle ex i t  of A s  a x i a l  distance i s  fur ther  increased, 
the f i rs t -order  soiution predicts an increasingly greater jet-contour 
radius than the  second-order solution f o r  The greatest  d i f -  
ference i n  results, however, i s  l e s s  than 4 percent. This close agree- 
ment should, in turn, j u s t i f y  u t i l i z a t i o n  of the s implici ty  of equations 
(11) over (12) for prac t i ca l  cases of determining j e t  shape. 

0 -C z/Brg<l. 

p./p, # 1. J 

I n i t i a l  slope of je t  boundary. - A comparison of the l inear ized and 
exact resu l t s  fo r  ~ ( 0 )  i s  shown in f igure 4 over the same ranges of Mach 
number and pressure r a t i o  as i n  figure 3. 
ta ined by use of F'randtl-Meyer expansion curves fo r  the  expanding flow 
on one side of the jet  boundary and by use of two-dimensional shock 
charts on the  compression side of t he  boundary. A unique solution f o r  
~ ( 0 )  i s  obtained which yields  continuity of pressure and veloci ty  direc- 
t i on  across the  j e t  boundary. 

The exact r e su l t s  were ob- 

Beyond the  common intersect ion a t  (1,O) the  curves of f igure 4 
reach a l imited deviation and then a second intersect ion point as  pres- 
sure r a t i o  is increased. Beyond the  second intersect ion point a devia- 
t i on  greater than 50 percent was reached a t  the highest jet and lowest 
stream Mach numbers. As increases and M j  decreases, the  second 
intersection point is  located a t  higher 
l i nea r  expression f romthe  exact is  less pronounced. 

p./pw, and deviation of the J 

!The two-dimensional shock-expansion wave procedure of determining 
~ ( 0 )  provides a means of accounting fo r  l oca l  deviations i n  flow direc- 
t i on  due t o  nozzle w a l l  and b o a t t a i l  angles. 
is  ju s t i f i ed  locally, t h a t  is, near the  nozzle t r a i l i n g  edge, the  com- 
bination of t h i s  
a x i a l  i n i t i a l  flows may be labeled semiempirical and i s  studied i n  
f igures  5 and 6. 

Although t h i s  procedure 

~ ( 0 )  with a l inear ized shape parameter f o r  uniform 

P 



4 
IU 

17 

tr) 
CD co 

I 
ba 

C 

Comparison w i t h  experimental and character is t ics  data. - Some 
r e s u l t s  of using the f i r s t -order  solution i n  conjunction with the  exact 
i n i t i a l  slope are shown i n  f igure 5 for three geometries and test condi- 
t ions  (refs. 3, 6, and 8). The external flow was uniform and approached 
the jet  i n  the direction of the jet axis in references 3 and 8; however, 
the external  flow passed over a boa t t a i l  and approached the  j e t  a t  an 
angle of go in reference 6. I n  a l l  three references the in t e rna l  flow 
l e f t  the nozzle a t  direct ions other than axial ,  the nozzle w a l l  angles 
being 12O fo r  reference 3 and 12.5' f o r  references 6 and 8. These angles 
were, however, e a s i l y  accounted fo r  local ly  in the two-dimensional shock- 
expansion procedure discussed i n  the last section. 

A comparison of the operational theory w i t h  the experimental data 
of reference 3 i s  shown i n  figure 5(a). 
mixing zone of the in t e rna l  and external streams. 
obtained from a schlieren photograph of the j e t  interact ion region. 

Results a re  within the indicated 
The mixing zone is  

Comparisons with two character is t ics  calculations of references 6 
and 8 a re  presented i n  f igures  5(b) and (c). 
t i a l  slope of the  jet were used i n  both calculations; hence the c m e s  
s t a r t  out together. 
operational theory curve w a s  s l ight lybelow t h a t  of the  charac te r i s t ics  
theory, the maximum deviation being less than 10 percent. U s e  of the 
r e s u l t s  of f igure 3 shows that the  "first-order" solution i s  s l i g h t l y  
closer t o  the charac te r i s t ics  curves than the "second-order" solution. 

Exact values f o r  the in i -  

A t  distances farther from the nozzle exit the  

Jet Contour f o r  Quiescent Surroundings 

Again the two-dimensional expression may be used f o r  t he  ini t ia l  
Only a curve of the Prandtl-Meyer r e l a t ion  or a shock chart  is slope. 

needed t o  determine q(O),  depending on whether t h e  nozzle is  under- 
expanded or overexpanded a s  long a s  the  nozzle is flowing fu l l ,  that is, 
the flow is  not separated. A number o f  in i t ia l  slopes fo r  a jet expand- 
ing in quiescent a i r  a re  presented in  reference 7 f o r  various specific- 
heat r a t i o s  and fo r  static-pressure r a t io s  up t o  1 2  and supersonic jet 
Mach numbers up t o  3. 

A comparison of t he  l inear ized equation (eq. (14)) with exact ini- 
t i a l  slopes i s  shown in figure 7. A t  l ow pressure r a t i o s  the  agreement 
between l inear ized and exact values is good, but it becomes poor rapidly 
as  pressure r a t i o  is increased. 
i s  almost twice the linearized. 
ure 4 shows t h a t  considerable improvement can be made by using exact 
~ ( 0 )  as pressure r a t i o  i s  increased and external Mach number is decreased. 

A number of jet  contours determined by equation (15) and an exact 
q (0) are compared w i t h  characteristics-determbed contours of references 

A t  a pressure r a t i o  of 5 the exact value 
This r e s u l t  together with that of f ig -  
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6, 7, and 1 2  i n  f igure 6. The change i n  j e t  boundary due t o  changes i n  
q (0 )  i s  predicted within 12 percent i n  f igures  6(a)  and (b). The main 
difference between the  operational theory and charac te r i s t ics  contours 
shown i n  f igures  6 ( a )  and (b) i s  due t o  a sh i f t i ng  of t he  a x i a l  posi t ion 
of j e t  maximum diameter with pressure r a t i o  which i s  not produced by t h e  
operational theory. Deviation between t h e  two calculat ions is, of course, 
zero a t  t he  nozzle exit. The maximum deviation i n  f igures  6(a)  and (b) 
i s  l e s s  than 2 3  percent. Figure 6(c) presents results computed a t  ex- 
tremely high pressure r a t i o s  but only over a range of a x i a l  distance of 

0 - < - < 1. Agreement w a s  within 10 percent. 
Bj rO 

Pressure Field of External Supersonic Flow 

An example i s  worked t o  determine the  je t  incremental pressure on a 
f la t  surface, t h e  c loses t  distance of which f romthe  je t  axis i s  a 
s t r a igh t  l i n e  located 1 nozzle-exit diameter away from and p a r a l l e l  t o  
t h e  nozzle axis. The pressures on t h i s  surface are the  same as those on 
a re f lec t ion  plane located midway between two iden t i ca l  and p a r a l l e l  
jets. The zone of influence of the  je t  i n  t h i s  plane starts a distance 
of B,(r - ro) downstream of the  nozzle-exit s t a t i o n  f o r  completely 
l inear ized flow ( for  an exact q(0) t h e  disturbance starts somewhat up- 
stream). 
f o r  an addi t ional  distance of approximately Therefore the  
j e t  contour remains independent of t he  ex terna l  surface f o r  approximately 
2B( r  - '0) 'downstream of the  nozzle-exit s ta t ion .  The boundary condition 
on the f l a t  surface i s  t h a t  t he  component of ve loc i ty  normal t o  the  sur- 
face  is zero. This i s  automatically sa t i s f i ed .  The pressure on t h i s  

i s  slmply twice t h a t  given by surrace i n  t h e  region 

equation (18) in space, since the  pressure from the  two jets can be 
added together because of t h e  l i n e a r i t y  of t h e  ex terna l  f i e ld .  

A r e f l ec t ed  wave from t h i s  locat ion does not influence t h e  je t  
B,(r - ro). 

< 3 Z 1 < -m- 

Computations of pressure coeff ic ient  on t h i s  surface were made f o r  
undisturbed ex terna l  Mach numbers of 2.5 and 3. Comparison i s  made in  
f igure  8 with t h e  experimental data of reference 3 on the  l i n e  of in te r -  
s e c t i o n  of t h e  aerodynamic surface with t h e  plane passing through t h e  
axes of both t h e  real  and t h e  hypothetical  jet. The der ivat ive of the  
f i r s t -order  solut ion (eq. ( l l b ) )  with t h e  exact i n i t i a l  jet  slope w a s  
used t o  determine q f o r  use i n  equation (18). The in tegra ls  i n  equa- 
t i o n  (18) were then evaluated numerically. The locat ion where the  out- 

t i o n  consistent with the  determination of 
going waves h i t  the  aerodynamic surface w a s  adjusted forward t o  the  posi- # 

q(0). 

I n  general, f a i r  agreement was obtained between the  theo re t i ca l  and 
experimental values of pressure coefficient.  The i n i t i a l  pressure r ise 
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on the  surface i s  gradual in the  ac tua l  case instead of abrupt, probably 
because of the  influence of the  boundary layer. Some differences may be 
due t o  an unaccounted f o r  curvature i n  a plane normal t o  the je t  center- 
l i n e  of the surface used t o  get  t he  experimental data. 

Effects  of addi t ional  geometries can be determined by superposition 
of the corresponding l inear ized f l o w  f i e l d s  as long as the equation 
describing the  boundary condition can be made l inear .  

I SUMMARY OF RESULTS 

The following equations w e r e  derived t o  determine the radius 
of a supersonic jet  as a function of ax ia l  distance z f romthe  nozzle- 
e x i t  s t a t ion  and t o  determine the  pressure f ie ld  about t he  jet. 

rb 

1. For a jet  exhausting into a suljersonic stream m d  wfth the  nozzle 
axis  p a r a l l e l  t o  the undisturbed external  stream 

‘b = ro - 

where 
ex i t ,  ro i s  t h e  radius of t he  nozzle at its exit station, bl and b2 
are  constants depending only on t h e  undisturbed flow inside the nozzle 
a t  i t s  e x i t  s t a t i o n  and on the  undisturbed ex terna l  stream (these con- 
s t an t s  a r e  described on p. 8), ana 

~ ( 0 )  is  t h e  i n i t i a l  slope of the  free jet  boundary a t  the  nozzle 

Mj and Ea, are the  Mach numbers of the undisturbed flows inside the  
nozzle a t  i ts  exit  s t a t ion  and in the  external  stream, respectively. 
For t h e  usual case, b2 > b2/4 and this equation can be wri t ten as 

where 
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A solution for this same problem was also obtained when including 
one more term in a series expansion before solving the corresponding 
differential equation to obtain jet contour. 
explicit algebraic equation for jet radius as a function of axial dis- 
tance from the nozzle-exit station. The equation, however, involved 
considerably more terms to compute. Differences in results due to in- 
cluding the extra term were less than 4 percent over the range i??vesti- 
gated, the simpler solution being slightly closer to the characteristics 
curves used to check results. The difference between the simpler solu- 
tion and characteristics and experimental data was within 10 percent 
over the range investigated. 

The result was again an 

2. For a jet exhausting into a quiescent surrounding (i.e., a 
constant-pressure, zero-velocity field) 

The use of an exact initial jet slope obtained from two-dimensional 
shock and expansion charts in place of a linearized value in any of the 
preceding equations permits an estimation of the effects of nozzle wall 
and boattail angles on jet contour. 
within 23 percent with two families of characteristics solutions for a 
nozzle of varying wall angles and exhausting into quiescent air. 

Agreement of the theory was then 

Use of an exact ~ ( 0 )  in place of linearized values also appreciably 
improves results at high pressure ratios and low external Mach numbers. 

3. The pressure coefficient (p - p,)/pwU2 in the supersonic stream 
surrounding the jet is given by 



2 1  

Z - h R  

+ -(+ 1 
- 3 3R + 3 ) L  33R2 (z - s - B,R)q(s)ds 

8 B i  ro 2r0 

z-B,R 
- -+ (4 - 4 39R + q) 141R2 I, (z - s - B,R)~T(S)  as 

16B, ro 16r0 

which converges f o r  0 < z - B,R < BmrW R << 
and I& are the  pressure, density, velocity, 
undisturbed external  flow, and s i s  a dummy 

I 3 - s - B,R) q(6)ds  + . . . 

ra, a d  where 2,) p,, Urn, 
and Mach nmber of t h e  
variable. The slope q ( s )  

of t he  jet boundary may be obtained by d i f fe ren t ia t ing  t h e  contour 
equation in i t e m  1 with respect t o  z. This equation w a s  applied t o  
obtain t h e  pressure on a plane surface (such as  a wing or  t a i l  surface) 
in the ex terna l  stream near t h e  je t .  The results compared favorably 
with experimental results. 

L e w i s  Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, February 1, 1960 
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APPENDIX - INTERPRFTATION OF EQUATION (8) 
The following equation in operational form i s  herein interpreted 

by the  procedure of reference 9: 

J J  J J  

h e IJh) =- @x 

Use is  made of t he  following asymptotic expansions (ref. 13) fo r  
the  Bessel functions: 

K(A) = e-' [1+ gm] (Nrn for  larg 

1 +z (-1) 

3 
2 n 

m = l  

as Ihl 3 m, where 

= 

Interpreting the  ex terna l  f l o w  expression first: 

t;l 
0, cn w 
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W 

&I 

c 

by use of t h e  convolution equation and where 

Note t h a t  t he  constant Boorb modifying A rever t s  t o  a reciprocal  when 
modifying z (see e.g. p. 325 of ref. 14). Substi tuting equations ( A l )  
i n  the  expression f o r  W gives 

I- 
Dividing t h e  numerator by t h e  denominator and in te rpre t ing  the  

resu l t ing  series term by term yie ld  

(A4 1 

which converges f o r  small z / & q  greater than -2. The remaining 
in t e rna l  f l o w  term on the  r igh t  side of equation (8) i s  interpreted 
next. 

Let ~ ( z )  = ~ ( 0 )  + vl(z); then 

where 
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Integrating by parts 

since ~ ~ ( 0 )  = 0 and where 

Substituting the asymptotic expansions (A2) f o r  
l e t t i n g  = B j ~ h  y ie ld  

1 

I 
2 

L J 

the  Bessel functions 

r 
I m 

L a 

and 

Dividing out the r igh t  s ide of t h i s  expression r e su l t s  in  

but 9-l (e-2ncfn(c)) i s  0 f o r  z < 2x1 (see e.g. p. 116 of ref.  14), 
so tha t  these e modified terms do not influence ~ ' ( z / ~ ~ r ~ )  f o r  
z/Bjrb < 2. Dividing the numerator by the  denominator i n  the expression 

m Jo,m) 

m d  interpret ing the  resu l t ing  se r i e s  for  T term m=l (2fIm 

m=l  
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by term r e s u l t  i n  T ( L )  = - L ( L )  2 Bjrb  - "(") 16  B j r b  - . . . so t h a t  
jrb 

T(0 )  = 0. Different ia t ing T(.) results i n  

TI(%) - - - - 1 3 2  - -- - . . . = - "- 6) 
8(Bjrb> 

(A7 1 

Z 
f o r  0 < - < 2. Since 

- B j r b  

it follows f'rom equations (A6) and (A7) t h a t  

Combining equations (a), (A3), (A5), and (AB) gives 

(9) 

Z 
for  0 <- B j q  < 'a 



a 
d 

26 

REFERENCES 

1. Squire, H. B. : Jet Flow and Its Effect  on Aircraf t .  Ai rcraf t  Eng., 
vol. XXII, no. 253, Mar. 1950, pp. 62-67. 

2. Falk, H.: The Influence of t he  Jet of a Propulsion Unit on Nearby 
Wings. NACA TM 1104, 1946. 

3. E n g l e r t ,  Gerald W., and Luidens, Roger W. : Wind-Tunnel Technique fo r  
Simultaneous Simulation of External Flow Field About Nacelle I n l e t  
and Exit  Airstreams a t  Supersonic Speeds. NACA TN 3881, 1957. 

4. Cortright, Edgar M., Jr. : Some Aerodynamic Considerations of Nozzle- 
Afterbody Combinations. Aero. Eng. Rev., vol. 15, no. 9, Sept. 
1956, pp. 59-65. 

5. Plat t ,  J. T.; A Method of Estimating t h e  Pressure on a Wide Base  
Annulus Separating a Sonic Jet from an External Supersonic Stream. 
Rep. AF: 115, English Elec. Co., Ltd., Jan. 1959. 

4 
6. Love, Eugene S . ,  and Grigsby, C a r l  E. : Some Studies of Axisymmetric 

F r e e  Jets Exhausting from Sonic and Supersonic Nozzles In to  S t i l l  
Air and Into Supersonic Streams. NACA RM L54L31, 1955. 

7. Love, Eugene S., Woodling, Mildred J., and Lee, Louise P.: Boundaries 
o f  Supersonic Axisymmetric Free Jets. NACA RM L56G18, 1956. 

8. Love, Eugene S.: A n  Approximation of t he  Boundary of  a Supersonic 
Axisymmetric Jet Exhausting in to  a Supersonic Stream. Jour. of t h e  
Aero. SOC., vol. 25, no. 2, Feb. 1958, pp. 130-131. 

9. Ward, Gilford Norman: Linearized Theory of Steady High-speed Flow. 
Ch. 8, Univ. Press (Cambridge), 1955. 

10. Pack, D. C.:  The Oscil lations of a Supersonic G a s  Jet Embedded i n  a 
Supersonic Stream. Jour. Aero. Sci., vol. 23, no. 8, Aug. 1956, 
pp. 747-753; 764. 

11. Ince, E. L. : Ordinary Di f f e ren t i a l  Equations. Dover Pub., 1944. 

12 .  b v e ,  Eugene S., and Lee, Louise P. : Shape of I n i t i a l  Portion of 
Boundary of Supersonic Axisymmetric Free Jets a t  Large Jet Pressure 
Ra t ios .  NACA TN 4195, 1958. * 

13. Watson, G. N.: A Treatise on t h e  Theory of Bessel Functions. Second 
ed., Univ. Press (Cambridge), 1944, p. 202. r 

14. McLachlan, Norman W i l l i a m :  Complex Variable and Operational Calculus 
with Technical Applications. Univ. Press (Cambridge), 1942. 



27 

Figure 1. - Linearized flow model. 

Figure 2. - Comparison of methods of computing Jet shape 
parameter f o r  quiescent surroundings. 
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Figure 3. - Comparison of first- and second-order theory for Jet shape. Nozzle- - 
1 - PJ/P, 

exit and stream specific-heat ratios, yJ and ym, 1.4; V(0) = 
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(c) Nozzle-exit and stream Mach numbers, Mj and M,, 5. 
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Axial distance from nozzle exit, z/Brg 

(d) Nozzle-exit and stream Mach numbers, Mj and M,, 9. 

shape. Nozzle-exit and stream specific-heat ratios, yj and y,, 1.4; 
Figure 3. - Concluded. Comparison of first- and second-order theory for jet 

1 - PJ/P, 
n(0) = 
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(a) Nozzle-exit Mach number, Mj, 2 

Jet static-pressure ratio, pj/pm 

(b) Nozzle-exit Mach number, Mj, 3. 

Figure 4. - Comparison of linearized and exact initial slopes 
of jet boundary. Nozzle-exit and stream specific-heat ra- 
tios, y~ and ym, 1.4; nozzle wall and boattail angles, 0. 
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J e t  s t a t i c - p r e s s u r e  r a t i o ,  pj/p, 

( d )  Nozzle-ex i t  Mach number, MJ.  9 .  

F i g u r e  4 .  - Concluded. Comparison of l i n e a r i z e d  
and e x a c t  I n i t i a l  s l o p e s  of j e t  boundary .  
Nozzle-ex l t  and s t ream s p e c i f i c - h e a t  r a t i o s ,  
and y_ ,  1.4; nozz le  wall and b o a t t a i l  a n g l e s T j 0 .  
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( c )  Nozzie-exlL Mach number, MJ, 5. 
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(a) Nozzle-exit Mach number, Mj, 2.29; stream Mach number, 
k,, 3.00; jet static-pressure ratio, pj/pm, 2; nozzle 
wall angle, 12O; boattail angle, 0.  

(b) Nozzle-exit Mach number, Mj, 2.38; stream Mach number, 
&, 3.24; jet static-pressure ratio, pj/p,, 8.96; noz- 
zle w a l l  angle, 12.5O; boattail angle, go. 

0 .4 .8 1.2 1.6 2.0 
Axial distance from nozzle exit, z/BJro 

(c) Nozzle-exit Mach number, MJ, 3.0; stream Mach number, 
&, 6.0; jet static-pressure ratio, pj/pm, 12.23; nozzle 
wall angle, 12.5O; boattail angle, 0. 

Figure 5. - Jet contour for supersonic external flow. 
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. 

Mach number, M j ,  3; jet static-pressure 
2; jet specific-heat ratio, yJ, 1.4. 

0 . 4  .8 1.2 1.6 2.0 
Axial distance from nozzle exit, z/Bjro 

(b) Nozzle-exit Mach number, Mj, 3; jet static-pressure 
ratio, pj/pa, 5; jet specific-heat ratio, yj, 1.4. 

Figure 6. - Jet contour for quiescent surroundings. 
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(c) Nozzle-exit Mach number, Mj, 2.5; jet 
specific-heat ratio, rj, 1.667; nozzle 
w a l l  angle, 15O. 

Figure 6. - Concluded. Jet contour for quiescent 
surroundings. 
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Figure 7. - Comparison of l inearized and exact i n i t i a l  slope 
of j e t  boundary. Quiescent external f i e ld ;  j e t  specif ic-  
heat r a t io ,  yj, 1.4; nozzle w a l l  and b o a t t a i l  angles, 0. 
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F i g u r e  8 .  - I n f l u e n c e  of  j e t  on a d j a c e n t  s u r f a c e .  Nozzle- 
ex i t  Mach number, M j ,  2.29; j e t  and stream s p e c i f i c - h e a t  
r a t i o s ,  y j  and y,, 1.4;  r a d i a l  d i s t a n c e  from n o z z l e  
c e n t e r l i n e ,  r/ro, 2 .  
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Figure 8. - Concluded. Influence of j e t  on adjacent surface. 
Nozzle-exit Mach number, M j ,  2.29; j e t  and stream specific- 
heat ratios , rJ 
centerline , r/ro, 2. 

and rm, 1.4; radial distance from nozzle 

NASA - Langley Field, Va. E-663 


